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Abstract
In this paper, we prove that the nonlocal complex modified Korteweg-de Vries (mKdV)
equation introduced by Ablowitz and Musslimani [Nonlinearity, 29, 915-946 (2016)] is gauge
equivalent to a spin-like model. From the gauge equivalence, one can see that there exists
significant difference between the nonlocal complex mKdV equation and the classical complex
mKdV equation. Through constructing the Darboux transformation(DT) for nonlocal complex
mKdV equation, a variety of exact solutions including dark soliton, W-type soliton, M-type
soliton and periodic solutions are derived.
Keywords: nonlocal complex mKdV equation; Darboux transformation; exact solutions; gauge
equivalence.
1 Introduction
The KdV equation qt+6qqx+ qxxx = 0 and the mKdV equation qt+6q
2qx+ qxxx = 0 describe the
evolution of small amplitude and weakly dispersive waves which occur in the shallow water. Another
modified version of the KdV equation is the complex mKdV equation (ǫ = ±1)
qt + 6ǫ|q|2qx + qxxx = 0, (1)
which is the next member of the nonlinear Schro¨dinger hierarchy (NLS)[1]. Eq.(1) is completely inte-
grable that can be solved by the inverse scattering transformation method (IST). It possesses all the
basic characters of integrable models. The complex mKdV equation has attracted much attention,
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e.g., the properties of Eq.(1) including interactions of solitary wave, the problem of initial data and
structural stability are considered [2, 3]. Existence and stability of solitary wave solution and periodic
traveling waves of Eq.(1) are discussed in [4, 5]. Integrable discrete versions of the complex mKdV
equation are derived in [6–8]. Analytical expressions for the homoclinic orbits and numerical homo-
clinic instabilities for Eq.(1) are investigated. Conservation laws and exact group invariant solutions
are constructed in [9]. Breathers and rogue wave solutions of Eq.(1) and the interaction properties of
complex solitons are studied in Refs. [10–12].
Very recently, Ablowitz and Musslimani proposed new nonlocal nonlinear integrable equations
which include the nonlocal integrable complex mKdV equation [13]
qt + 6ǫqq
∗(−x,−t)qx + qxxx = 0, (2)
where q , q(x, t) is a complex function of real variables x and t, ∗ denotes complex conjugation, and
the nonlocal integrable mKdV equation
qt + 6ǫqq(−x,−t)qx + qxxx = 0. (3)
Ref.[14] gives one soliton solution of the nonlocal complex mKdV (2) (ǫ = 1) and nonlocal mKdV
equation (3) through the IST. The properties of the nonlocal mKdV equation (3) including soliton,
kink, antikink, complexiton, and rogue-wave have also been discussed in [15, 16].
It is interesting to note that the integrable nonlocal NLS equation
iqt + qxx ± 2qq∗(−x, t)q = 0, (4)
introduced by Ablowitz and Musslimani [13, 17] has attracted many researchers due to its special
property, e.g., the model (4) admits both bright and dark solitons [18, 19]. We have known that
the focusing NLS and defocusing NLS are, respectively, gauge equivalent to the Schro¨dinger flow of
maps from R1 into S2 in R3 and from R1 into H2 in R2+1 [20–24]. It was shown in [25] that the
nonlocal NLS equation and its discrete version are gauge equivalent to the Heisenberg-like equation,
modified Heisenberg-like equation and their discrete versions respectively. Recently, Gadzhimuradov
and Agalarov proved that the nonlocal focusing NLS equation is gauge equivalent to a coupled Landau-
Lifshitz equation. The physical and geometrical aspects of this model and their effects on metamagnetic
structures are discussed [26].
In this paper, we focus on the topics of soliton solution and gauge equivalence for the nonlocal
complex mKdV equation (3). We show that, under the gauge transformation, the nonlocal complex
mKdV equation is gauge equivalent to a spin-like model. From the gauge equivalence, one can see
that there exists significant difference between the nonlocal complex mKdV equation and the classical
complex mKdV equation. By constructing the DT for nonlocal complex mKdV equation, we derive
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dark soliton, W-type soliton, M-type soliton and periodic solutions.
2 DT for the nonlocal complex mKdV equation
In this section, we firstly construct the Darboux transformation [27, 28] for nonlocal complex mKdV
equation, and then we derive its exact solutions including dark soliton, W-type soliton, M-type soliton
and periodic solutions.
Eq.(2) is yielded by the integrability condition of the following spectral equations
ϕx =Mϕ, ϕt = Nϕ, (5)
where the matrices M =M(x, t, λ) and N = N(x, t, λ) are given by
M = −iλσ3 +Q, (6a)
N = −4iλ3σ3 + 4λ2Q− 2iλσ3(Q2 −Qx) +QxQ−QQx −Qxx + 2Q3, (6b)
with
σ3 =
(
1 0
0 −1
)
, Q =
(
0 q
−ǫq∗(−x,−t) 0
)
.
The gauge transformation with nonsingular matrix P = (pjk(x, t, λ))2×2(j, k = 1, 2)
ϕ˜ = Tϕ = (λI − P )ϕ (7)
changes the spectral problem (5) into the new one
ϕ˜x = M˜ϕ˜, ϕ˜t = N˜ ϕ˜. (8)
One hopes M˜, N˜ possess the same matrix form as M,N , except that the old potential q is substituted
by the new potential q˜. It is obvious that Darboux matrix T satisfies equations
Tx = M˜T − TM, Tt = N˜T − TN. (9)
One can obtain the relation between new and old solutions
q˜ = q − 2ip12, q˜∗(−x,−t) = q∗(−x,−t)− 2iǫp21, (10)
with a constraint
p12 = −ǫp∗21(−x,−t). (11)
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By setting
P = HΛH−1, (12)
with
H =
(
f1 g1
f2 g2
)
, Λ =
(
λ1 0
0 λ2
)
,
where (f1, f2)
T = (f1(x, t), f2(x, t))
T is a solution to Eq.(5) with λ = λ1 and (g1, g2)
T = (ǫf∗2 (−x,−t), f∗1 (−x,−t))T
is the solution when λ = −λ∗1 , λ2, we can obtain the explicit expression of P ,
P =
1
∆
(
λ1f1f
∗
1 (−x,−t) + ǫλ∗1f2f∗2 (−x,−t) −ǫ(λ1 + λ∗1)f1f∗2 (−x,−t)
(λ1 + λ
∗
1)f2f
∗
1 (−x,−t) −ǫλ1f2f∗2 (−x,−t)− λ∗1f1f∗1 (−x,−t)
)
, (13)
with ∆ = f1f
∗
1 (−x,−t)− ǫf2f∗2 (−x,−t). Hence, the new solution is written as
q˜ = q +
2iǫ
∆
(λ1 + λ
∗
1)f1f
∗
2 (−x,−t). (14)
The n-fold DT in the form of a determinant is the same one as the Ref.[29]
q˜[n] = q − 2i P2n
W2n
, (15)
where
P2n =
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
f1 f2 λ1f1 λ1f2 · · · λn−11 f1 λn1f1
g1 g2 λ2g1 λ2g2 · · · λn−12 g1 λn2g1
f3 f4 λ3f3 λ3f4 · · · λn−13 f3 λn3f3
g3 g4 λ4g3 λ4g4 · · · λn−14 g3 λn4g3
...
...
...
...
. . .
...
...
g2n−1 g2n λ2ng2n−1 λ2ng2n · · · λn−12n g2n−1 λn2ng2n−1
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
,
W2n =
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
f1 f2 λ1f1 λ1f2 · · · λn−11 f1 λn−11 f2
g1 g2 λ2g1 λ2g2 · · · λn−12 g1 λn−12 g2
f3 f4 λ3f3 λ3f4 · · · λn−13 f3 λn−13 f4
g3 g4 λ4g3 λ4g4 · · · λn−14 g3 λn−14 g4
...
...
...
...
. . .
...
...
g2n−1 g2n λ2ng2n−1 λ2ng2n · · · λn−12n g2n−1 λn−12n g2n
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
.
It should be remarked that P2n admits the following rule:
P2 =
∣∣∣∣∣ f1 λ1f1g1 λ2g1
∣∣∣∣∣ , P4 =
∣∣∣∣∣∣∣∣∣∣
f1 f2 λ1f1 λ
2
1f1
g1 g2 λ2g1 λ
2
2g1
f3 f4 λ3f3 λ
2
3f3
g3 g4 λ4g3 λ
2
4g3
∣∣∣∣∣∣∣∣∣∣
, ......
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Next, we will construct exact solutions of nonlocal complex mKdV equation (2) by using the obtained
DT. Let us consider the nonlocal complex mKdV−(ǫ = −1).
Case 1. For zero seed solution q = 0, the new solution with λ1 = a+ ib(a 6= 0) is
q˜ = −2iae2b(x+4(3a2−b2)t) sec(2a(x+ 4(a2 − 3b2)t)), (16)
which has singularities at {(x, t)|x+ 4(a2 − 3b2)t = kπ + pi2 , k ∈ Z}.
Case 2. For nonzero seed solution
q = ρek(x−(k
2−6|ρ|2)t) , ρeΩ, (17)
where k is a real parameter and ρ 6= 0 is a complex one. Solving Eq.(5) gives
f1 = e
k
2
(x−(k2−6|ρ|2)t)
(
c1e
ξ
2
(x+ηt) + c2e
− ξ
2
(x+ηt)
)
, (18)
f2 =
1
2ρ
e−
k
2
(x−(k2−6|ρ|2)t)
(
c1(k + ξ + 2iλ)e
ξ
2
(x+ηt) + c2(k − ξ + 2iλ)e−
ξ
2
(x+ηt)
)
, (19)
with ξ =
√
(k + 2iλ1)2 + 4|ρ|2 and η = 4λ21+2iλ1k− k2+2|ρ|2, where c1 and c2 are nonzero complex
parameters.
Let k = 2b, then ξ = 2
√
|ρ|2 − a2, η = 4a2 − 12b2 + 2|ρ|2 + 12iab , η1 + iη2.
(i) If |a| < |ρ|, we have ξ = 2
√
|ρ|2 − a2 , 2s. The eigenfunctions (18) and (19) are
f1 = e
b(x−2(2b2−3|ρ|2)t)
(
c1e
s(x+η1t)+isη2t + c2e
−s(x+η1t)−isη2t
)
, (20)
f2 = e
−b(x−2(2b2−3|ρ|2)t)
(
c1(s + ia)
ρ
es(x+η1t)+isη2t − c2(s− ia)
ρ
e−s(x+η1t)−isη2t
)
. (21)
So new solution with γ = c2/c1 is
q˜ = ρeΩ(1− 2a(a + is)e
2isη2t + γ∗(a− is)e2s(x+η1t) + γ(a+ is)e−2s(x+η1t) + |γ|2(a− is)e−2isη2t
|ρ|2e2isη2t + aγ∗(a− is)e2s(x+η1t) + aγ(a+ is)e−2s(x+η1t) + |ρ|2|γ|2e−2isη2t ),(22)
which can be simplified as
q˜ = −ρ2aγ(a cosh(2s(x+ η1t)) + is sinh(2s(x+ η1t))) + (2a
2 − |ρ|2)(1 + γ2) + 2ias(1− γ2)
2aγ(a cosh(2s(x+ η1t))− is sinh(2s(x+ η1t))) + |ρ|2(1 + γ2) , (23)
as b = 0, i.e., λ1 ∈ R, and Imγ = 0. The norm of (23) is given by
|q˜|2 = 4|ρ|
2a2s2[−1 + γ(sinh(2s(x+ η1t)) + γ)]2 + (2a2γ cosh(2s(x+ η1t)) + (2a2 − |ρ|2)(1 + γ2))2
4a2s2γ2 sinh2(2s(x+ η1t)) + (2a2γ cosh(2s(x+ η1t)) + |ρ|2(1 + γ2))2
.(24)
Next we analyze its dynamic properties. From (24), we can see |q˜|2 → |ρ|2 as t→ ±∞. For convenience,
let e−2s(x+η1t) = X > 0 in (24), then d|q˜|2/dX = 0 gives
f ′ = (1 + γX)(α1X5 + α2X4 + α3X3 + α4X2 + α5X + α6) = 0, (25)
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where
α6 = a
2|ρ|2γ2, α1 = −γα6, α2 = −3α6, α5 = 3γα6,
α3 = γ
(−4a2|ρ|2 + |ρ|4 + 2γ2(2a4 − 3a2|ρ|2 + |ρ|4) + |ρ|4γ4)
α4 = −|ρ|4 − 2γ2(2a4 − 3a2|ρ|2 + |ρ|4)− |ρ|2γ4(|ρ|2 − 4a2).
The shape of solution depends on the parameters a, ρ and γ which determine the number of positive
real root of (25). Here we list several cases.
• A dark soliton solution is given in Fig.1(a) when a = √2, b = 0, ρ = √3i, γ = 1. The condition
f ′(1) = 0 and f ′′(1) > 0 indicates fmin(X) = f(1).
• Fig.1(b) describes the W-type solution with a = 1, b = 0, ρ = 3, γ = 1, where extreme values are
lower than background plane |q˜|2 = 9.
• The M-type soliton is described in Fig.1(c) where we take a = √2, b = 0, ρ = √3i, γ = −1.
However, as b = 0, Imγ 6= 0, the shape of soliton depends on γ with other parameters fixed. For
(a) dark soliton (b) W-type soliton (c) M-type soliton
Figure 1: (a): dark soliton with a =
√
2, b = 0, ρ =
√
3i, γ = 1; (b): W-type soliton a = 1, b = 0, ρ = 3, γ = 1;
(c): M-type soliton with a =
√
2, b = 0, ρ =
√
3i, γ = −1.
instance, when a =
√
2, b = 0, ρ =
√
3i, the soliton is depicted in Fig.2 with γ = −1− i and γ = 1+2i.
We can see that maximum value of |q˜|2 is higher than the background plane, but minimum value is
lower than the background plane.
(ii) If |a| > |ρ|, this means ξ = 2i
√
a2 − |ρ|2 , 2il. Under the conditions: b = 0, a+ l 6= (a− l)|γ|2,
and a(a+ l) + a(a− l)|γ|2 6= ±|ρ|2(γ + γ∗), we get a periodic solution
q˜ = ρ
(
1− 2a(a+ l)e
2il(x+η1t) + |γ|2(a− l)e−2il(x+η1t) + γ(a+ l) + γ∗(a− l)
a(a+ l)e2il(x+η1t) + a|γ|2(a− l)e−2il(x+η1t) + |ρ|2(γ + γ∗)
)
, (26)
with the period Tspace =
pi
l
and Ttime =
pi
lη1
in space and time, respectively. Fig.3 depicts the shape of
|q˜|, Re(q˜q˜∗(−x,−t)) and Im(q˜q˜∗(−x,−t)) with a = 2, b = 0, γ = 1, ρ = √2.
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(a) (b)
Figure 2: Solution (a): a =
√
2, b = 0, ρ =
√
3i, γ = −1− i; (b): a = √2, b = 0, ρ = √3i, γ = 1 + 2i.
3 Gauge equivalence of the nonlocal complex mKdV− equation
In this section, we show that, under the gauge transformation, the nonlocal complex mKdV− equation
is gauge equivalent to a coupled spin equation. Then, we construct solution of the coupled spin equation
based on the solution of the nonlocal complex mKdV− equation.
Let us consider the nonlocal complex mKdV− equation. Under the gauge transformation:
ϕ˜ = G−1ϕ, M˜ = G−1MG−G−1Gx, N˜ = G−1NG−G−1Gt, (27)
where G is a solution of the system (5) for λ = 0, i.e.,
Gx =M(0)G, Gt = N(0)G. (28)
Define S = −iG−1σ3G. We have
M˜ = λS, (29a)
N˜ = 4λ3S − 2λ2SSx + λ(3
2
SS2x − Sxx), (29b)
where three important identities have been used,
SSx = −2G−1QG, SS2x = −4iG−1σ3Q2G, Sxx − SS2x = −2iG−1σ3QxG. (30)
Consider the spectral equations ϕ˜x = M˜ϕ˜, ϕ˜t = N˜ ϕ˜. The zero curvature condition M˜t − N˜x +
[M˜, N˜ ] = 0 yields an integrable spin-like equation
St + Sxxx − 3
2
(
S3x + SSxxSx + SSxSxx
)
= 0. (31)
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(a) (b) u = q˜q˜∗(−x,−t) (c) u = q˜q˜∗(−x,−t)
(d) (e) (f)
(g) (h) (i)
Figure 3: The periodic solution (23) with Tspace =
√
2pi
2
≈ 2.221, Ttime =
√
2pi
40
≈ 0.111 as parameters
a = 2, b = 0, γ = 1, ρ =
√
2. (a-c) 3D plot: |q˜|, Re(q˜q˜∗(−x,−t)) and Im(q˜q˜∗(−x,−t)); (d-f) Time period at
x = 1; (g-i) Space period at t = 0.5.
Next, we construct the exact solution S of equation (31) through the solution q of mKdV− equation
with the help of the gauge transformation (27). From the structure of the matrices M(0) and N(0),
we can observe that G in (28) has the form
G =
(
f −g∗(−x,−t)
g f∗(−x,−t)
)
, (32)
Hence the matrix S has the form
S = −iG−1σ3G = i
∆
(
gg∗(−x,−t)− ff∗(−x,−t) 2f∗(−x,−t)g∗(−x,−t)
2fg ff∗(−x,−t)− gg∗(−x,−t)
)
, (33)
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where ∆ = ff∗(−x,−t) + gg∗(−x,−t).
For the given solution q[1] described by equation (16), solving the Eq. (28) yields
G =


ae2b(x+4(3a
2
−b2)t) sec(2a(x+4(a2−3b2)t))√
a2+b2
i b−a tan(2a(x+4(a
2−3b2)t)√
a2+b2
i b+a tan(2a(x+4(a
2−3b2)t)√
a2+b2
ae−2b(x+4(3a
2
−b2)t) sec(2a(x+4(a2−3b2)t))√
a2+b2

 . (34)
We thus obtain the exact solution S of Eq. (31)
S =
(
S11 S12
S21 −S11
)
,
where
S11 = i
[−3a2 + b2 + (a2 + b2) cos(4a(x + 4(a2 − 3b2)t))] sec2(2a(x + 4(a2 − 3b2)t))
2(a2 + b2)
,
S12 =
2ae−2b(x+4(3a
2−b2)t)(b− a tan(2a(x + 4(a2 − 3b2)t))) sec(2a(x + 4(a2 − 3b2)t))
a2 + b2
,
S21 = −2ae
2b(x+4(3a2−b2)t)(b+ a tan(2a(x + 4(a2 − 3b2)t))) sec(2a(x+ 4(a2 − 3b2)t))
a2 + b2
.
Let us rewrite Eq. (31) in the vector form. Assume that p = (p1, p2, p3) with
p1 =
(
0 −1
1 0
)
, p2 =
(
0 1
1 0
)
, p3 =
(
1 0
0 −1
)
= σ3.
It is obvious that matrix S is not Hermitian. It can be written as
S =
(
s3 i(s2 − s1)
i(s2 + s1) −s3
)
,
where components sj = sj(x, t) of complex-valued vector (s1, s2, s3) are given by
s1 = ∆(fg − f∗(−x,−t)g∗(−x,−t)) , s2 = ∆(fg + f∗(−x,−t)g∗(−x,−t)) ,
s3 = i∆(gg
∗(−x,−t)− ff∗(−x,−t)) , ∆ = (ff∗(−x,−t) + gg∗(−x,−t))−1 .
(35)
It is direct to check that sj satisfies
s1(x, t) = −s∗1(−x,−t), s2(x, t) = s∗2(−x,−t), s3(x, t) = −s∗3(−x,−t).
By setting S = U + iV , where U = iu1p1 + iu2p2 + u3p3, V = iv1p1 + iv2p2 + v3p3, then Eq.(31) is
rewritten in the vector form
ut + uxxx − 3
2
(
(u2x − v2x)ux + 2u(uxuxx − vxvxx)− 2v(vxuxx + vxxux)
)
= 0,
vt + vxxx − 3
2
(
(u2x − v2x)vx + 2v(uxuxx − vxvxx) + 2u(vxuxx + vxxux)
)
= 0,
(36)
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where real-valued vectors u = (u1, u2, u3),v = (v1, v2, v3) satisfy u
2−v2 = 1,uv = 0, and ab is defined
by ab = a1b1+a2b2−a3b3. The relation between uj , vj and sj is uj = Re(sj), vj = Im(sj)(j = 1, 2, 3).
We should remark here that though the matrix Eq.(31) has the same form as gauge equivalent
version of the complex mKdV− equation, there exists a significant difference between the nonlocal
complex mKdV− equation and the classical complex mKdV− equation. In fact, for the classical
complex mKdV− equation, the form of matrix G in (28)
G =
(
f g
f∗ −g∗
)
determines that S = −iG−1σ3G has the form
S =
i
Re(fg∗)
(
−iIm(fg∗) −|g|2
−|f |2 iIm(fg∗)
)
.
Set f = a(x, t) + ib(x, t), g = c(x, t) + id(x, t), then the matrix S can be rewritten as
S =
(
s3 i(s2 − s1)
i(s2 + s1) −s3
)
,
where the vector S=(s1, s2, s3)
T ∈ H2 in R2+1, i.e., s21 + s22 − s23 = −1, and sj(j = 1, 2, 3) is given by
s1 =
|g|2 − |f |2
2(ac + bd)
, s2 =
−|f |2 − |g|2
2(ac+ bd)
, s3 =
bc− ad
ac+ bd
.
Therefore Eq.(31) can be represented in vector form as
St + Sxxx − 3
2
(
S2xSx + 2SSxSxx
)
= 0. (37)
We thus see that Eq.(36) is a general case of equation (37).
4 Solution and gauge equivalence of the nonlocal complex mKdV+
equation
In this section, we give the soliton solution and gauge equivalent structure for the nonlocal complex
mKdV+ equation:
qt + 6qq
∗(−x,−t)qx + qxxx = 0. (38)
Case 1. For zero seed solution q = 0, solving Eq. (5) gives the eigenfunctions
f1 = e
−iλ1x−4iλ31t, f2 = eiλ1x+4iλ
3
1t. (39)
10
So the new solution with λ1 = a+ ib(a 6= 0) is
q˜ = −2ae2b(x+4(3a2−b2)t) csc(2a(x + 4(a2 − 3b2)t)), (40)
which has singularities at {(x, t)|x+ 4(a2 − 3b2)t = kπ, k ∈ Z}.
Case 2. For nonzero seed solution
q = ρek(x−(k
2+6|ρ|2)t) , ρeΩ, (41)
where k is a real parameter and ρ 6= 0 is a complex one. Solving Eq. (5) yields
f1 = e
k
2
(x−(k2+6|ρ|2)t)
(
c1e
ξ
2
(x+ηt) + c2e
− ξ
2
(x+ηt)
)
, (42)
f2 =
1
2ρ
e−
k
2
(x−(k2+6|ρ|2)t)
(
c1(k + ξ + 2iλ)e
ξ
2
(x+ηt) + c2(k − ξ + 2iλ)e−
ξ
2
(x+ηt)
)
, (43)
with ξ =
√
(k + 2iλ1)2 − 4|ρ|2 and η = 4λ21+2iλ1k− k2− 2|ρ|2, where c1 and c2 are nonzero complex
parameters.
Let k = 2b, then ξ = 2i
√
a2 + |ρ|2 , 2si, η = 4a2 − 12b2 − 2|ρ|2 + 12iab , η1 + iη2. The
eigenfunctions (42) and (43) can be rewritten as
f1 = e
b(x−2(2b2+3|ρ|2)t)
(
c1e
−sη2t+is(x+η1t) + c2esη2t−is(x+η1t)
)
, (44)
f2 = e
−b(x−2(2b2+3|ρ|2)t)
(
ic1(a+ s)
ρ
e−sη2t+is(x+η1t) +
ic2(a− s)
ρ
esη2t−is(x+η1t)
)
. (45)
So we can get new solution
q˜ = ρeΩ
(
1− 2a(a+ s)e
2is(x+η1t) + γ∗(a− s)e−2sη2t + γ(a+ s)e2sη2t + |γ|2(a− s)e−2is(x+η1t)
a(a+ s)e2is(x+η1t) − γ∗|ρ|2e−2sη2t − γ|ρ|2e2sη2t + a|γ|2(a− s)e−2is(x+η1t)
)
.(46)
As k > 0 and η2 > 0,
q˜ = ρeΩ
(
1 +
2a(a+ s)
|ρ|2
)
∼ 0, t→ +∞, (47)
q˜ = ρeΩ
(
1 +
2a(a− s)
|ρ|2
)
∼ +∞, t→ −∞. (48)
Note that (a+ s)(a− s) = −|ρ|2, as b = 0 and a(a+ s)+a(a− s)|γ|2 6= ±|ρ|2(γ+γ∗), the solution (46)
is always smooth and has the periods Tspace =
pi
s
and Ttime =
pi
sη1
in space and time, respectively. We
choose the parameters a = 1, b = 0, γ = 1, ρ =
√
3i, the periodic solutions are shown in Fig.4. When
b = 0 and 2a2 = |ρ|2, a spatially periodic solution with period Tspace = pis of the nonlocal complex
mKdV+ equation is described in Fig.5.
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(a) (b) u = q˜q˜∗(−x,−t) (c) u = q˜q˜∗(−x,−t)
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Figure 4: The space-time periodic solution with parameters a = 1, b = 0, γ = 1, ρ =
√
3i. Tspace =
pi
2
and
Ttime =
pi
4
. (a)-(c) 3D plot: |q˜|, Re(q˜q˜∗(−x,−t)) and Im(q˜q˜∗(−x,−t)); (d-f) profiles at x = −1.
(a) (b) (c)
Figure 5: Spatially periodic solution of the nonlocal complex mKdV+ equation with Tspace =
√
2pi
3
as
a =
√
6
2
, b = 0, γ = 1, ρ =
√
3i. (a)-(c) 3D plot: |q˜|, u = q˜q˜∗(−x,−t).
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We remark here that these solutions are different from the solution
q = − (η + η¯)e
iθ¯e−2η¯x+8η¯
3t
1 + ei(θ+θ¯)e−2ηx+8η3t−2η¯x+8η¯3t
, (49)
which was given in Ref.[14].
Next, let us seek to the gauge equivalent structure of the nonlocal complex mKdV+ equation. For
the nonlocal complex mKdV+ equation (38), using (5) and gauge transformation (27), we can get
M˜ = −iλG−1σ3G , −iλS, (50a)
N˜ = −4iλ3S + 2λ2SSx + iλ(Sxx + 3
2
SS2x), (50b)
in which we have used the following important identities
SSx = 2G
−1QG, SS2x = −4G−1σ3Q2G, Sxx + SS2x = 2G−1σ3QxG. (51)
The integrability condition M˜t − N˜x + [M˜, N˜ ] = 0 for new linear equations
ϕ˜x = M˜ϕ˜, ϕ˜t = N˜ ϕ˜, (52)
leads to
St + Sxxx +
3
2
(
S3x + SSxxSx + SSxSxx
)
= 0, (53)
where S2 = I,TrS = 0.
The structure of the matrices M(0) and N(0) implies that the solution G of Eq. (28) has the form
G =
(
f g∗(−x,−t)
g f∗(−x,−t)
)
. (54)
Hence the structure of the matrix S can be given by
S = G−1σ3G =
1
∆
(
ff∗(−x,−t) + gg∗(−x,−t) 2f∗(−x,−t)g∗(−x,−t)
−2fg −ff∗(−x,−t)− gg∗(−x,−t)
)
, (55)
where ∆ = ff∗(−x,−t)− gg∗(−x,−t).
For the given solution (40) of the nonlocal complex mKdV+ equation, solving the Eq. (28) yields
G =


− iae2b(x+4(3a
2
−b2)t) csc(2a(x+4(a2−3b2)t))√
a2+b2
i−b−a cot(2a(x+4(a
2−3b2)t)√
a2+b2
−i−b+a cot(2a(x+4(a2−3b2)t)√
a2+b2
− iae−2b(x+4(3a
2
−b2)t) csc(2a(x+4(a2−3b2)t))√
a2+b2

 . (56)
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Thus we can derive the exact solution of Eq. (53)
S =
(
S11 S12
S21 −S11
)
,
where
S11 = − [3a
2 − b2 + (a2 + b2) cos(4a(x + 4(a2 − 3b2)t))] csc2(2a(x + 4(a2 − 3b2)t))
2(a2 + b2)
,
S12 = −2ae
−2b(x+4(3a2−b2)t)(b+ a cot(2a(x + 4(a2 − 3b2)t))) csc(2a(x+ 4(a2 − 3b2)t))
a2 + b2
,
S21 =
2ae2b(x+4(3a
2−b2)t)(−b+ a cot(2a(x + 4(a2 − 3b2)t))) csc(2a(x+ 4(a2 − 3b2)t))
a2 + b2
.
Next, we rewrite Eq.(53) in the vector form. As mentioned in [26], S can be expressed explicitly
as
S =
(
s3 s1 − is2
s1 + is2 −s3
)
,
where complex-valued functions sj(j = 1, 2, 3) are determined by (55) and satisfy
s1(x, t) = −s∗1(−x,−t), s2(x, t) = −s∗2(−x,−t), s3(x, t) = s∗3(−x,−t).
One can check S = σ3S
†(−x,−t)σ3. Set S = U + iV , where Hermitian matrices U and V are
U =
S + S†
2
, V = i
S† − S
2
,
and have Pauli matrix representation U = u · σ, V = v · σ , where σ = (σ1, σ2, σ3) with σj
σ1 =
(
0 1
1 0
)
, σ2 =
(
0 −i
i 0
)
, σ3 =
(
1 0
0 −1
)
.
Then the vector form of Eq.(53) is given by
ut + uxxx +
3
2
(
(u2x − v2x)ux + 2u(uxuxx − vxvxx)− 2v(vxuxx + vxxux)
)
= 0,
vt + vxxx +
3
2
(
(u2x − v2x)vx + 2v(uxuxx − vxvxx) + 2u(vxuxx + vxxux)
)
= 0,
(57)
where real-valued vectors u = (u1, u2, u3) and v = (v1, v2, v3) satisfy uu − vv = 1,uv = 0, and
ab = a1b1 + a2b2 + a3b3.
14
We remark here that the matrix S in (53) differs from that for the classical complex mKdV+
equation. In fact, for the complex mKdV+ equation, the solution G of Eq.(28) has the form
G =
(
f −g∗
g f∗
)
,
and thus the matrix S has the form,
S =
1
|f |2 + |g|2
(
|f |2 − |g|2 −2f∗g∗
−2fg |g|2 − |f |2
)
.
Assume that f = a+ ib, g = c+ id, then the matrix S can be written as
S =
(
s3 s1 − is2
s1 + is2 −s3
)
,
where the real-valued vector S={(s1, s2, s3)|s21 + s22 + s23 = 1} in R3, and sj, j = 1, 2, 3 are given by
s1 =
2(bd − ac)
|f |2 + |g|2 , s2 =
−2(bc+ ad)
|f |2 + |g|2 , s3 =
|f |2 − |g|2
|f |2 + |g|2 .
Eq.(53) can be rewritten in vector form as
St + Sxxx +
3
2
(
S2xSx + 2SSxSxx
)
= 0. (58)
In brief, we can see that there exist great differences in the properties between the nonlocal complex
mKdV and the classical complex mKdV equation.
5 Conclusions
In this paper, we have shown that, under the gauge transformations, the nonlocal complex mKdV
equation is gauge equivalent to a spin equation. From the gauge equivalence, we can see that the
properties between the nonlocal complex mKdV and the classical complex mKdV equation have great
differences. By constructing the Darboux transformation, we have obtained distinct kinds of exact
solutions including dark soliton, W-type and M-type soliton and periodic solutions of the nonlocal
complex mKdV equation. We hope to investigate the discrete integrable version of the nonlocal
complex mKdV equation in the future.
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